Neutral meson mixing and CP violation are very well known weak processes that involve decays to meson states that are, in general, a superposition of flavor eigenstates. This paper describes a mathematical interpretation of the time-dependent mixing amplitudes as a complex hyperbolic rotation of the time evolution of those amplitudes without mixing, which involves a Lie group SO(1, 1, C).
Introduction
Mixing occurs in weak decays of neutral mesons with flavor eigenstates that are not selfconjugate. All the information about mixing is encoded in a complex mixing coefficient z, that is defined in terms of the Hamiltonian eigenvalues, and characterizes the time evolution of any neutral meson eigenstates.
CP violation may also have an effect on the time evolution of any neutral meson eigenstates, either through different amplitudes to the same final CP eigenstate (direct) or through a difference between the Hamiltonian and CP eigenstates (indirect).
This paper describes a parameterization that can be used to describe mixing and CP violation in a consistent and simplified way. In particular, it describes an interpretation that exploits the fact that the neutral D mesons produced in B meson decays are a superposition of flavor eigenstates that can be used to extract the CKM matrix phase γ, and these states undergo mixing as they evolve in time.
2 The mixing formalism
States and conventions
There are three bases of states that are relevant to the discussion on mixing and CP violation of neutral mesons M.
• The flavor eigenstates M 0 and M 0 have a definite flavor content. The CP operator acts on these states with an arbitrary phase,
The most common conventions are e iξ CP = ±1.
• The CP eigenstates M . They can be expressed in terms of the flavor eigenstates as
• The Hamiltonian eigenstates |M ± . They can be expressed in terms of the flavor eigenstates as
which defines the change of base parameters p and q, where s is an arbitrary sign. These states are properly normalized if |p| 2 + |q| 2 = 1. If CP is preserved, then |M ± = M CP ± , and
In this paper, the |M ± states are intentionally noted to represent the Hamiltonian eigenstates that are closest to the M CP ± CP eigenstates, respectively.
For the rest of this paper, the convention chosen is e iξ CP = 1 and s = +1.
Mixing equations
The time evolution of the Hamiltonian eigenstates is given by the Schrödinger equation,
whereĤ is the effective Hamiltonian operator
The solution of the time evolution can be expressed, therefore, as
where H ± are the Hamiltonian eigenvalues for |M ± . This defines the h ± (t) functions. For convenience, it is useful to define
With these definitions it is useful to express
where
and
The z complex coefficient contains all the necessary information to describe mixing. In the charm sector, equations are typically expressed in terms of the mixing parameters x D and y D , such that
In the bottom sector, the parameters of interest are typically ∆m, defined as the mass difference between the heavy and the light eigenstates, ∆m = m h − m l , and ∆Γ, defined as the width difference between the light and the heavy eigenstates, ∆Γ = Γ l − Γ h . With this convention, ∆m is positively defined and
In this paper, the real and imaginary parts of z are noted x and y, respectively, i.e. z = x + i y.
The time dependence of all the mixing observables can be expressed in terms of |h ± (t)| 2 and h + h ⋆ − . Therefore, the term e −imt in equation (12) vanishes in all the observables and can be omitted,
The time evolution of the flavor eigenstates can be derived from their expression in terms of Hamiltonian eigenstates (4),
For convenience, the g ± (t) functions are defined as
so equations (18) and (19) can be written as
which can be expressed in matrix form as
This allows us to interpret mixing as a complex hyperbolic rotation of the time evolution of the states vector without mixing, given by
The time evolution of the neutral mesons can, therefore, be expressed as
The g ± (t) functions have the following useful properties:
For the rest of the paper, the θ(t) term is not written explicitly and the expressions that follow are only valid for positive t. 
which can be interpreted as a complex hyperbolic rotation of the amplitude vector time evolution without mixing, pA e
The hyperbolic rotation G mix is an element of the Lie group SO(1, 1, C), which is also a differentiable manifold. The time variable t parameterizes a curve into the manifold. This gives mixing a geometric interpretation. In section §3 it is shown that this interpretation can also be extended to CP V . Because the Lorentz group with one space dimension is SO + (1, 1, R), the mixing group has properties similar to those of special relativity. In particular, one can write the time evolution of
as
which, not surprisingly, has the same form as the formula of addition of velocities in special relativity. In analogy to the concept of rapidity, one can define the hyperbolic magnitude
whose time evolution is just additive,
In this hyperbolic space, the time evolution of φ λ is a point moving from its initial value towards a constant direction determined by z and Γ and, since φ mix (t) is a linear function in time, this move takes place at a constant pace.
Equation (29) imposes a mixing invariant, given by Minkowski squaring the transformed vector,
CPV equations
In experimental measurements of the CKM angle γ, it is important to derive the time dependence of amplitudes in the whole decay chain. To illustrate the formalism described above, it will be useful to go through the complete example of a B meson decay to a neutral D meson.
Measurements of the CKM angle γ involve decays where a neutral D meson is produced as a superposition of flavor eigenstates D 0 and D 0 ,
where |D − denotes a state dominated by the D 0 component and |D + a state dominated by the D 0 component,
Decays such as B ± → DK ± produce |D ± states, respectively, but the sign in |D ± may not correspond to the charge of the B mother particle, such as in B 0 → DK * 0 decays. For this reason, to avoid confusion between the B mother charge and the flavor content of its daughters, the initial state is denoted |B ± , instead of |B ± . The time evolution of the product of amplitudes from the initial |B ± state to a final state |f is given by
The time evolution of the neutral D component in this equation is given by equation (25)
which uses the fact that G ⊺ = G and Q ⊺ = Q. On the other hand,
where δ ab is the Kronecker delta, the vector on the right hand side is used to select the appropriate column of the matrix, and A ± D is used to represent either of
By defining
it is easy to check that
With all these definitions, equation (39) becomes
with
where, analogously to equation (34), the time evolution of the φ ± observables is given by
In some cases it may be useful to even include the terms of the amplitude vector into the hyperbolic rotation matrix,
where the function used for G λ± (t) is given by
and φ
However, in other cases A D f may be zero or very small in some regions of the phase space, and λ D in equation (53) may not be well defined or be numerically unstable in these regions. To preserve generality as much as possible, the following sections do not include the terms of the amplitude vector in the hyperbolic rotation matrix.
Charm mixing correction on CP V parameters
Equations (47) allow to express the A ± (t) amplitudes using a common formalism with mixing, as described in §2. In order to take all experimental effects into account, a simultaneous fit for the mixing and CP violation parameters is advised. However, considering the large effort it may represent, a mixing correction of the CP violation parameters is easily deduced from (49). Denoting as φ m ± the measured hyperbolic CP violation parameters in a fit that ignores mixing, φ
so the actual hyperbolic CP violation parameters can be obtained as a correction on the measured ones as
Notice that, if φ ± parameters are used, the only information necessary to apply a mixing correction to a result is a measurement of Γt , which is valid for any lifetime distribution. If z ± was used instead, one would have to calculate
and, in this case, a measurement of Γt would not be enough to calculate the correction.
Specific equations for established methodologies
Charm mixing has effects on the GLW, ADS and GGSZ observables. This subsection describes how the equations relevant to these methods are modified in the presence of charm mixing.
The time-dependent measurement of γ in B s → D ∓ s K ± depends on B s mixing and it can also be easily expressed using the formalism in §3.
Common trace
Since the most common amplitudes are proportional to
for some values of a and b, it is useful to calculate
The result can be expressed as
which satisfy
For a later section, it is also useful to define
GLW equations
The GLW method [1, 2] uses, on one hand, states that are accessible from only one of the flavor eigenstates, either D 0 or D 0 , such that
and, on the other hand, states that are accessible from either of the CP eigenstates D CP ± , such that
If the initial D meson state is a superposition |D ± , then
The observables of interest are
Notice that, at t = 0,
ADS equations
The ADS method [3] uses states that are accessible from both flavor eigenstates. With the convention CP D 0 = D 0 and assuming no direct CP violation in the D decay, one can define the ρ ratio of amplitudes as
One can define
where D sup and D fav refer to suppresed and favored decay modes of the produced D meson. The observables of interest are
It is also frequent to use the observables
GGSZ equations
The GGSZ method [4] uses 3 or more body decays to final states that can be accessed from any of D 0 or D 0 . In this case, there may be regions of the phase space where one of the amplitudes A D f or AD f is zero or very small. Because of this, it may be inconvenient to use terms where one of the amplitudes is in the denominator and the expression for the common trace obtained in §3.2.1 may be undefined or numerically unstable.
The probability distribution function p ± (t) is proportional to A
To simplify this expression, it is convenient to define
such that
one can see that
The magnitudes involved in the previous equation include
To account for lifetime resolution and acceptance effects, the ψ ± (t) and ψ i (t) functions should be replaced by the result of convolving them by the lifetime resolution function and multiplying the result by the lifetime acceptance function, as described in [5] . The normalized time-dependent amplitude pdf is given by
Time dependent equations
The time dependent method [6] uses B s decays that undergo mixing before they decay, such
The amplitudes of the B s decay are given by
where t represents the B s lifetime. These expressions can also be written as
where Γ represents the B s decay width and
3.3 A complete example with charm and strange mixing and CP V This example describes all charm and strange mixing and CP V effects in decays of the form B → Dh, where
The vast majority of neutral kaons that decay to π + π − are K s , but because neither K s or K l are pure CP eigenstates, there may be a small amount of K l that decay to π + π − as well, which results in
being non-zero. In measurements of CP violation in B decays, kaon mixing and CP violation are negligible in practice and, as of 2017, it is impossible to take these effects into account in γ measurements because all the information available on the D decay amplitude has been obtained assuming no CP violation in the kaon. This is, therefore, a purely academic exercise.
In this example, t D is the lifetime of the D meson and t K is the lifetime of the K meson.
The squared amplitude becomes
In this case, it is convenient to define the hypermatrix
such that Tr Ψ
With this hypermatrix, the normalized pdf becomes
Conclusions
The mixing expressions have been written in terms of new hyperbolic parameters that allow for an interpretation of the time evolution of decay amplitudes as a complex hyperbolic rotation of a vector of flavor amplitudes of decays without mixing. The definition of hyperbolic variables, in analogy with rapidities in special relativity, simplifies the composition of mixing and CP violating effects in a succession of particle decays.
These hyperbolic expressions have been used to obtain the charm mixing correction to the CP -violating parameters φ ± or z ± involved in several measurements of the CKM angle γ. To properly account for mixing and CP violating effects in the background, or experimental resolution and acceptance effects, a simultaneous fit of charm mixing and CP -violating parameters φ ± or z ± is advised.
